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Outline

• Network Topological Analysis

• Network Models

– Random Networks

– Small-World Networks

– Scale-Free Networks

• Ref Book: Social Network Analysis: Methods and Applications 

(Structural Analysis in the Social Sciences)

– http://www.amazon.com/Social-Network-Analysis-Applications-

Structural/dp/0521387078

http://www.amazon.com/Social-Network-Analysis-Applications-Structural/dp/0521387078


Network Topological Analysis

• Network topology is the arrangement of the various elements

(links, nodes, etc). Essentially, it is the topological structure of

a network.

• How to model the topology of large-scale networks? 

• What are the organizing principles underlying their 
topology?

• How does the topology of a network affect its robustness
against errors and attacks?
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Network Models

• Random graph model (Erdős & Rényi, 

1959)

• Small-world model (Watts & Strogatz, 

1998)

• Scale-free model (Barabasi & Alert, 1999)
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Random Networks

• Erdős–Rényi Random Graph model is used for generating

random networks in which links are set between nodes with

equal probabilities

– Starting with n isolated nodes and connecting each pair of nodes with

probability p

– As a result, all nodes have similar number

of links

(i.e., average degree, <k>).



To Sum Up: Gnp



Real (MSN) Networks vs. Gnp



Based on Milgram’s (1967) famous 

work, the substantive point is 

that networks are structured 

such that even when most of 

our connections are local, any 

pair of people can be connected 

by a fairly small number of 

relational steps.

Works on 2 parameters:

1) The Clustering Coefficient 

(c) = average proportion of 

closed triangles

2) The average distance (L) 

separating nodes in the 

network

Small-World Network



Six Degrees of Kevin Bacon



The Small-World Experiment



The Small-World Experiment



Columbia Small-World Experiment



Six Degrees



Clustering Implies Link Locality



Small-World: How?
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Solution: The Small-World Model



In a highly clustered, 

ordered network, a single 

random connection will 

create a shortcut that 

lowers diameter

dramatically

Watts demonstrates that 

small world properties can  

occur in graphs with a 

surprisingly small number 

of shortcuts

Small-World Network



The Small-World Model



Small-World: Summary
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Scale-Free (SF) Networks: Barabási–Albert (BA) 

Model

• “Scale free” means there is no single 
characterizing degree in the network

• Growth: 
– starting with a small number (n0) of nodes, 

at every time step, we add a new node 
with m(<=n0) links that connect the new 
node to m different nodes already present 
in the system

• Preferential attachment: 
– When choosing the nodes to which the 

new node will be connected to node i 
depends on its degree ki
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Scale-Free Networks (Cont’d)

• The degree of scale-free 

networks follows power-

law distribution with a 

flat tail for large k

• Truncated power-law 

distribution deviates at the 

tail
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Evolution of SF Networks

• The emergence of scale-free network 
is due to
– Growth effect: new nodes are added to the 

network 

– Preferential attachment effect (Rich-get-
richer effect): new nodes prefer to attach to 
“popular” nodes

• The emergence of truncated SF 
network is caused by some constraints 
on the maximum number of links a 
node can have such as (Amaral, Scala 
et al. 2000)
– Aging effect: some old nodes may stop 

receiving links over time

– Cost effect: as maintaining links induces 
costs, nodes cannot receive an unlimited 
number of links
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Network Analysis: Topology Analysis

Topology Average Path 

Length (L)

Clustering 

Coefficient (CC)

Degree Distribution 

(P(k))

Random Graph Poisson Dist.:

Small World

(Watts & Strogatz, 1998)

Lsw  Lrand CCsw  CCrand
Similar to random 

graph

Scale-Free network LSF  Lrand Power-law 

Distribution:
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k : Average degree
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Empirical Results from Real-World Networks
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Implications of Network Modeling

• The two new models of networks have important implications to 
many applications, e.g., 

– The 19 degrees of separation on the WWW implies that on average, a user 
can navigate from an arbitrary web page to another randomly selected page 
within 19 clicks, even though the WWW consists of millions of pages. Even 
if the web increase by 10 times in the next few years, the average path 
length increases only marginally from 19 to 21! (Albert, Jeong, & Barabási, 
1999)

– The small-world properties of metabolic networks in cell implies that cell 
functions are modulized and localized

• The ubiquity of SF networks lead to a conjecture that complex 
systems are governed by the same self-organizing principle(s).
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Robustness Testing

• How will the topology of a 
network be affected if some 
nodes are removed from the 
network?

• How will random node 
removal (failure) and targeted 
node removal (attack 
targeting hubs) affect 
– S: the fraction of nodes in the 

largest component

– L: the average path length of the 
largest component 
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Robustness Testing (Cont.)

• SF networks are more robust 
against failures than random 
networks due to its skewed degree 
distribution

• SF networks are more vulnerable 
to attacks than random networks, 
again, due to its skewed degree 
distribution

• The power-law degree distribution 
becomes the Achilles’ Heel of SF 
networks

Failure

Attack


